Abstract-In this work, we propose phase precoding for the compute-and-forward (CoF) protocol. We derive the phase precoded computation rate and show that it is greater than the original computation rate of CoF protocol without precoder.
the original computation rate of CoF protocol without precoder.
To maximize the phase precoded computation rate, we need to 'jointly' find the optimum phase precoding matrix and the cor responding network equation coefficients. This is a mixed integer programming problem where the optimum precoders should be obtained at the transmitters and the network equation coefficients have to be computed at the relays. To solve this problem, we introduce phase precoded CoF with partial feedback. It is a quantized precoding system where the relay jointly computes both a quasi-optimal precoder from a finite codebook and the corresponding network equations. The index of the obtained phase precoder within the codebook will then be fedback to the transmitters. A "deep hole phase precoder" is presented as an example of such a scheme. We further simulate our scheme with a lattice code carved out of the Gosset lattice and show that significant coding gains can be obtained in terms of equation error performance.
Index Terms-Compute-and-forward, lattice codes, phase pre coding.
I. INTRODUCTION
The rapid expansion of wireless networks and their appli cation has promoted researchers to deal with more complex channel models including multi-terminal relay channels [1] . In this framework, diversity techniques are used to combat chan nel fading. Different cooperative transmission protocols can be employed. In this paper, we focus on the recently proposed Compute-and-Forward (CoF) protocol [2] which maximizes the network throughput. This scheme uses algebraic structured codes to both harness the interference and remove the noise.
In CoF, the transmitters employ an identical lattice code and relays use the corresponding lattice decoder. For example, in a two-user case, suppose that Xl and X 2 are the transmitted lat tice codewords from the first and the second user, respectively.
The received vector at the relay is h1X1 + h 2 X 2 + z where z is the Guassian noise and the components of h = (h1' h 2 ) are the fading channel coefficients from the first and the second user to the relay, respectively. The task of the relay is to estimate an integer linear combination a1x1 + a 2 x 2 from the received vector. The estimated point a1x1 + a 2 x 2 is still a lattice vector because any integer linear combination of lattice points is lattice point. The quality of such an estimate and consequently the achievable computation rate is controlled by a non-zero coefficient a. In particular, the parameter a and the integer vector a = (a1' a 2 ) are chosen so that ah � a. This approximation comes with a penalty since the components of a are restricted to be integers only. In other words, the approximant space for ah is the set of all integer vectors. This penalty is equivalent to the approximation of real vectors by rational ones and hence limits the computation rate in CoF protocol [3] .
In this paper, we propose phase precoding for CoF pro tocol to increase the computation rate. We assume that the precoder for each transmitter is a complex scalar ei¢, for some -1f / 4 :::; ¢ :::; 1f / 4, multiplying the lattice codeword.
For example, in the two-user case, we send ei¢lx1 and ei¢2x 2 instead of Xl and X 2 . The equivalent channel coefficient vector is h ' = (ei¢'h1' ei¢2h 2 ). The parameters a ' and a' have to be selected such that the quality of the new approximation a ' h ' � a' will be better than the original approximation ah � a. More precisely, the precoders should be chosen so that the components of h ' will be more aligned with Guassian integers. This alignment of h ' and a' results in a higher computation rate which we call phase precoded computation rate.
Our contributions are: (i) we introduce the concept of phase precoding for CoF protocol, (ii) we find the phase precoded computation rate and show it is greater than the original computation rate for CoF, (iii) we propose phase precoded CoF with partial feedback and as an example of this scheme, the deep hole phase precoder is presented, (v) we simulate our phase precoder scheme using lattice encoders and present numerical results.
Notation. Boldface letters are used for vectors, and capital boldface letters for matrices. Superscripts T and H denote transposition and Hermitian transposition. Z, C,
denote the ring of rational integers, the field of complex numbers, the field of real numbers, and the ring of Gaussian integers, respectively. We let I zl and arg(z) denote the modulus and the phase of the complex number z, respectively. The 
A. The compute-andJorward protocol
Fig . I illustrates a compute-and-forward (CoF) protocol [2] with L transmitters and !vI relay nodes. The !vI relays compute estimates of !vI linear equations of the transmitted information.
These will be forwarded to the final destination, where they form a system of linear equations to recover the L distinct messages. It is required that !vI ::.:: L, in order to be able to solve the system of !vI linear equations with L unknown variables.
In the CoF protocol, the £-th transmitter is equipped with an 
and then sets (4) where hm � (hm.1, ... , hm. L ) E e L and QA and Dm are defined in (I) and (3), respectively. The estimate em of em will be sent through the network. At the final destination, a system of linear equations p(hm, am) 1 + p ll hm l1 2 '
Substituting aMMSE of (7) into 91( p , hm, am) yields, [4] 91(p, hm, am) = log + (
where M is
III. PHASE PRECODER FOR COMPUTE-AND-FoRWARD is generated at the f-th transmitter. We consider a block fading channel model, i.e. the channel coefficients hm remain unchanged for a time frame of length t » n. These channel gains vary independently from one frame to the next. A frame header is used for the training phase, where we apply a phase precoding function P£: en --+ en, which maps X£ to P£(x£) � ei¢ £ x£, for CP£ E [-71'/4, 71'/4] and 1 <::: e <::: L. 
The m-th decoder Dm will operate similarly to the CoF protocol except that it assumes h� rather than hm. we suppose that am and <I> are fixed and find the optimum am, then we substitute this optimum am into (13), (ii) we suppose am is given and find the best phases to maximize (13).
Replacing hm by h:n in Proposition 1 and (7), given am E Z[i] L and <I> as in (11) with CP£ E [-71'/4, 71'/4], the optimum a;' P I E e to minimize (14) is , p (h : n, am) a "pl = --'--1 ---' + -p � I :-:-l h ---' ; n -'-;-II '" "" 2 ' where M is given in (9) and h;n = hm <I>. 
the optimal phases to maximizing the phase precoded compu tation rate (13) are ¢R =Ij;g -eg, for 1 � 1! � L.
Proof' We prove this lemma for L = 2 . The proof for L > 2 is similar to this case and we omit it for the sake of brevity. We find h:n = (hm.1 ei¢l , hm. 2 ei¢ 2 ) = (711 ei ( 11 , +¢,) , 7]2 ei (1I2+¢2) ) . Thus, we get ¢i" = 1/J1 -e1 for the first transmitter and ¢�" = 1/J 2 -e 2 for the second transmitter.
• Theorem 1: Given the channel coefficients hm E C L , signal-to-noise ratio p , and the network equation coefficient vector am E Z[i] L , then the phase precoded computation rate 91 ' (p, hm, <I>0 P " am) = log ( 1 + p ll hm 11 2 ) -
is greater than 91( p, hm, am) where <I>opl � diag (e i¢� pt , ... , ei¢°J', ') .
(20)
Proof' The computation rate without phase precoder is 91( p, hm, am) = log + ( 1 + p ll hm n -log + ( il am 11 2 + P (1 l hm 11 2 11 am 11 2 -I (hm, am) 1 2 ) ) . • Note that for a fixed integer vector am, the transmitter phases <I> and the equalization coefficients am can be computed in closed form, leading to (19). The expression for the coefficient am in [2] is a special case of (15) where no precoding is considered, i.e. <I> = h.
To maximize the phase precoded computation rate, the op timum phase precoder matrix and the corresponding network equation coefficients should be computed jointly. This is a mixed integer programming problem because the entries of the phase precoding matrix <I> are complex numbers and the components of am are Gaussian integers. In addition, the phase precoders need to be optimized at the transmitters and the integer coefficients have to be computed at the relay.
Recalling Lemma 1, for a given am, the optimum <I>0pt can be derived as (20). However, this needs the knowledge of am at the transmitters. On the other hand, using (16) for a fixed <I> , the optimum am can be found by considering M' = <I>H M <I> and employing one of the approaches presented in [4, 7] . This means that the optimum am can only be computed at the relays when the optimum <I> is known at the transmitters. Hence, a systematic approach of maximizing the phase precoded computation rate by optimizing both the Gaussian integer vector am and <I> 'jointly' is not available.
We then introduce partial feedback phase precoders for Cop. This is a quantized precoding system where a quasi-optimal precoder is chosen from a finite codebook of phases at the relay. The index of the best precoder is transferred from the relay to the transmitters over a feedback link. Criteria are provided for selecting the optimal precoding matrix based on the phase precoded computation rate. 
The above inequality guarantees that using this scheme we can increase the phase precoded computation rate in compar ison with the original computation rate. We next provide an example of a phase precoder with partial feedback.
C. Deep hole phase precoders
A deep hole of an n-dimensional lattice A is a point x whose distance 62 (x, A) £ infA EA {llx -All} is a global maximum.
For example, the deep holes of 71} c::: : Z[i] are shown by crosses in Fig. 3 . In fact, a point (01/2,02/2) for odd integers 01,02 is a deep hole in z 2 . We only consider odd integers 01 and 02 satisfying 02 :s; 01. The corresponding phase of (01/2,02/2) is atan(02/01). For deep hole phase precoders, we use a finite number of deep hole phases of the lattice Z 2 as S. The lattice ;Z2 (empty circles) and its deep holes (solid circles).
IV. SIMULATION RESULTS
In our simulations, we set L = 2, !vI = 1, A = [s [6] , the densest lattice packing of dimension 8, and
A' = a[s, for a = 4. Since our scheme works over complex numbers, the complex version of [s can be iden tified [6] . We use deep hole phase precoder with S = {O, ±atan(1/3), ±atan(1/5), ±atan(3/5), atan(l)}. and hence lSI = 8. The relay then feedback log2(8) = 3 bits to each user providing the best phase to be used. 4dB coding gain has also been obtained at EER of 10-4 using phase precoder over a CoF protocol equipped with [s/4[s Voronoi lattice encoder. Finally, we note that by increasing the number of phase precoders beyond 8, performance does not improve. This suggests that our heuristic optimization method is practically optimal.
V. CONCLUSION
A phase precoder scheme has been introduced for CoF protocol in physical layer network coding. The phase precoded computation rate has been derived. It has been shown that the proposed scheme achieve greater rate than that in [2] . Since the optimum phases and the optimum network equation coefficients to maximize the rate can not be computed jointly, we suggested phase precoded CoF with partial feedback, which uses a finite codebook for the phases. Simulations were presented to show the effectiveness of the deep hole phase precoded CoF with partial feedback.
Investigating other aspects of phase precoded CoF protocol such as the degrees-of-freedom is also of interest. In addition, finding the optimum set S which maximizes the phase pre coded achievable rate is the subject of future research studies.
